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Abstract: In this paper, it is shown that, the experimental values of the nonextensive scattering 
entropies )( pSL  and )(qSθ for the pion-nucleus ) Ca, , , ( 0000 pipipipi OCHe  scatterings, in the energy 
region corresponding to )1236(∆  resonance in the elementary pion-nucleon interaction, are well 
described by the entropic optimal resonance predictions )(01 pSL  and )(01 qSθ when the nonextensivities 
indices are correlated by a Riesz-Thorin-like relation: 1/2p+1/2q=1. 
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1. INTRODUCTION 
 
 
The mathematician Leonhard Euler (1707–1783) appears to have been a philosophical optimist having written: 
“Since the fabric of universe is the most perfect and is the work of the most wise Creator, nothing whatsoever take 
place in this universe in which some relation of maximum or minimum does not appear. Wherefore, there is 
absolutely no doubt that every effect in universe can be explained as satisfactory from final causes themselves 
with the aid of the method of Maxima and Minima, as can from the effective causes” 
Having in mind this kind of optimism in the papers [1–16] we introduced and investigated the possibility to 
construct a predictive analytic theory of the elementary particle interaction based on the principle of minimum 
distance in the space of quantum states (PMDSQS). So, choosing the partial transition amplitudes as the system 
variational variables and the distance in the space of the quantum states as a measure of the system effectiveness, 
we obtained the results [1–16]. These results proved that the principle of minimum distance in space of quantum 
states (PMD-SQS) can be chosen as variational principle by which we can find the analytic expressions of the 
partial transition amplitudes. In this paper we continue to present new results on  description of hadron-nucleus 
scattering via principle of minimum distance PMD-SQS when the distance in space of states is minimized with 
uni-directional constraints: dσ/dΩ(1) = fixed.  
Therefore, in this paper the experimental data on the pion-nucleus scattering are analyzed in terms of the 
PMDSQS-optimal resonance (OR) predictions. The essential results on the optimal resonance 
mechanism are discussed in sect. 2, including the agreement between the OR-predictions and the 
experimental data [24-36] in the ∆ (1236) resonance region. The predictions for entropic optimal 
resonance and their experimental verifications are presented in sect. 3 in Figs 4-6. The experimental 
values of the nonextensive scattering entropies )(qSθ and )( pSL  (or )( pS J ), calculated using pion-
nucleus experimental phase shifts [22], are in a good agreement with the entropic optimal predictions, 
)(1 qS oθ and )(1 pS oL  (or )(1 pS oJ ). The Riesz-Thorin-like correlation for the (p,q) entropic nonextensivities 
is evidentiated with high accuracy (see Tables 2-3 and Figs.4-6). 
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2.  EXPERIMENTAL EVIDENCES FOR  PMD-SQS OPTIMAL RESONANCES 
It is well known that the essential results obtained from the experimental data on pion-nucleus scattering, in the 
region corresponding to the )1236(∆  resonance in the elementary pion-nucleon interaction, are characterized by 
the following resonance-diffraction duality:  
I. A resonant energy behavior manifested in the total, integrated elastic and inelastic cross sections (see 
refs. [17,28,37]), as well as in each pion-nucleus partial wave (see refs. [22]). 
II. A typical diffraction pattern observed in the pion-nucleus angular distributions [12-15] (see also Refs. [17]). 
III. The resonance width AΓ  becomes broader as nuclear mass A increases. A behavior of form 
3/1AA ∆Γ=Γ  is verified experimentally with high accuracy (see ref. [17]). 
IV. The resonance peak shifts downward with increasing A to lower kinetic energy.  
In order to explain consistently all the above essential characteristic features of the pion-nucleus 
scattering, a new concept of nuclear collective resonance state was introduced in ref. [2]. According to 
their diffraction pattern observed in the angular distributions, these collective nuclear resonant states 
were called dual diffractive resonances (DDR).  
In this paper, we continue to report the results of our investigations [17,38,39]. We get from the 
available data experimental evidences for the optimal resonances especially in pion-nucleus scattering in 
the )1236(∆  region. So, in the papers [17],[38,39], by using the Principle of Minimum Distance in 
Space of Quantum States (PMD-SQS) [1], we obtained not only  the experimental evidences for a new 
kind of resonance, called optimal resonance, but also a new  description of the pion-nucleus scattering in 
the )3,3(∆ -resonance region. 
Therefore we start with the usual decomposition of the hadron-nucleus scattering amplitude in the 
Coulombian and nuclear parts: ),(),( xEffxEf NC +=   where E is the c.m. hadron-nucleon energy, 
θcos≡x , and θ is the c.m. pion-nucleus scattering angle. The nuclear amplitude Nf  of the hadron-
nucleus scattering is developed in partial amplitudes in the usual form ∑ += )()()12(),( xPEflxEf llN , 
where [ ]1,1 +−∈x  and )(xPl are Legendre polynomials while l = 0,1,2,…., are orbital angular momenta. 
Hence, using the principle of minimum distance in space of quantum states (see Refs. [1])  
minim { }∑ + 2|)(|)12( Efl l  with   fixedEflEdd l∑ =+=Ω 2|)()12(|)1,(σ                                                               (2.1) 
we obtained  
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(2.2c) 
Then, all the essential characteristic features I-IV of the pion-nucleus in the optimal resonance limit are 
derived. All the optimal resonance predictions are found in a good agreement with the available 
experimental data. Hence, we proved that the “dual diffractive resonances” discovered by us in 1981 
and published in the paper [17] are actually genuine optimal resonances. 
Now, as a direct consequence of the PMD-SQS optimality conditions (2.1) we obtain that all Api -
resonant states which are derived from a single ( ) Npi ∆ -resonant state become degenerate. Hence, for 
the nuclear part of the forward pion-nucleus scattering, we obtain the following expression: 
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where E is the c.m. energy, k is the c.m. momentum, θcos≡x , θ - c.m. scattering angle, oE , Γ , elΓ  
and 0 γ , are the effective optimal resonance parameters: mass, total width, elastic width and asymmetry 
parameter, respectively. We note that the asymmetry parameter 0γ  was introduced in refs. [17] in a 
natural way starting with a Regge expression, 1)]([)( −−∝ ElEf ll α , for the pion-nucleus partial 
amplitude )(Ef l .  
Therefore, in the optimal resonance limit, the pion-nucleus scattering is characterized by the following 
essential features: 
The energy behavior of the total hadron-nucleus cross section ( Tσ ), as well as the integrated elastic 
cross sections ( elσ ) are of the asymmetric Breit-Wigner form, given by 
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The real part of the forward hadron-nucleus scattering amplitude has a resonant behavior described by 
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The angular distributions of the optimal resonances are typical diffractive patterns, very sensitive to the 
values of optimal angular momentum oL . They are described by the following scaling property 
 
1L,)(2)1,1(
)1,()1,(/),( o
2
1
2
>>





≈








=
ΩΩ τ
τσσ J
K
xK
E
d
d
xE
d
d
o
o
L
L
 (2.7a) 
and 
2
sin2 θτ oL≡  is the scaling variable (2.7b) 
 
where )(1 τJ  is the Bessel function of the first order. The number of the diffractive maxima and minima 
in the entire ]1,1[ +−  interval are given by 1max += oLN  and  oLN =min . 
 
The entropic optimal resonances saturate the following "axiomatic" bounds:  
 
)()1(4)( 222 ELE eloT σpiσ +≤ D (see Fig.1) (2.8a) 
 
3/1AA ∆∆ Γ≤Γ≤Γ (see Fig.2) (2.8b) 
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Fig.1a:  The experimental data on the total pion-nucleus cross sections in the −∆ )1236( energy region are compared 
with the optimal resonance predictions. The saturation of the axiomatic optimal bound )()1(4)( 222 ELE eloT σpiσ +≤ D  
is experimentally evidentiated with high accuracy for ( O±pi , Ca±pi ). 
 
 
Fig.1b:  The experimental data on the total pion-nucleus cross sections in the −∆ )1236( energy region are compared 
with the optimal resonance predictions. The saturation of the axiomatic optimal bound )()1(4)( 222 ELE eloT σpiσ +≤ D  
is experimentally evidentiated with high accuracy for ( He±pi , C±pi ). 
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In fitting Eq. (2.4) to the experimental data we have considered the 0E  fixed by the relation: 
 
 NA mMeVME −+= 12360 ,  ,1γkel =Γ   kRLo =  
 
 and the geometric radius R fixed as in the Tables 1 and 2 of Ref. [17], for each nucleus. The other 
parameters  10 ,γγ  and Γ from Eq. (2.4) are allowed to vary for each nucleus in order to obtain the best 
2χ -fit of the total cross sections. The optimal resonance parameters are presented in Figs. 2 and 3. 
 
 
 
Fig.2: The saturation of the axiomatic optimal resonance (OR) limits: 3/1AA ∆∆ Γ≤Γ≤Γ pi is experimentally evidentiated 
with high accuracy. The optimal resonance widths are obtained by the best fit to the data [24-36] with the optimal resonance 
predictions given in Eq. (2.4). The maximum values of the optimal resonance total cross sections behavior is 
3/2max )105.128()( AAT ±=±piσ  shown in the upper part of Fig. 2. 
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Fig. 3:  The parameters ,0γ  ,1γ  and 0E of Eq. (2.4) obtained by minimum 2χ -fits to the experimental total pion-
nucleus cross sections [24-36] when the total widths are fixed by 3/1AA ∆Γ=Γ . The solid circles are obtained from the 
fits to nucleus−+pi  data, while the open circles are from fits to nucleus−−pi  data. The solid lines represent the 
smooth A-dependence of the corresponding OR-parameters.  MeV1236* −=∆ ∆∆ MM , where the )3,3(∆ -mass in 
nucleus is given by: NA mMEM +−=∆ 0
*
 and the c.m. parameter pion-nucleus resonance position 0E is that obtained 
by the best fit of Eq. (2.4) .  
 
3.  EXPERIMENTAL EVIDENCES FOR  OPTIMAL RESONANCES VIA  
SATURATION OF MAXIMUM ENTROPIC LIMITS  
3.1 L-nonextensive statistics for the quantum scattering states 
Now we define two kinds of Tsallis-like scattering entropies. First of them, namely (p)SL , Rp ∈ , is 
specially dedicated to the investigation of the nonextensive statistical behavior of the angular 
momentum quantum states, and is defined by  
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3.2 θ -nonextensive statistics for the quantum scattering states 
In similar way, for the θ -scattering states considered as statistical canonical ensemble we can 
investigate their nonextensive statistical behavior by using an angular Tsallis-like scattering entropy  
(q)S
θ
 defined as  
[ ]∫−
−
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q
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where the density of  angular probability  P(x)  is defined as follows 
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where (x)
dΩ
dσ
 and  elσ  are differential and elastic integrated cross sections. 
The above Tsallis-like entropies possess two important properties. First, in the limit 1→p  and 1→q , 
the scattering  entropies )1(θS  and LS (1) [6] , respectively, are recovered. 
∫−→ P(x)dxP(x)=(q)Sθq lnlim 1      and        ∑−→
o
0
1 ln12jlim
L
llLp p)p+(=(p)S  (3.3) 
The second property is the nonextensivity property 
(k)(k)Sk)S(+kS+kS=(k)S BABAB+A −1)()(       for  Rqp,=k ∈  (3.4) 
for any independent subsystems BAB+A pp=(p . ). Hence, each of the indices 11, ≠≠ qp  from the power 
of probabilities distributions in definitions (3.1)-(3.4) can be interpreted as measuring the degree of 
nonextensivity.  
3.3. The equilibrium distributions for the [J]- and ][θ -systems  of quantum scattering states 
 Next, we consider the maximum-entropy (MaxEnt) problem: 
[ ](q)S(p),S
θLmax     when  ,σ el and ,+dΩ
dσ )1(   are fixed (3.5) 
as criterion for the determination of the equilibrium  distributions for the quantum states produced from 
the meson-nucleon scattering. The equilibrium distributions { } (x)P,p memej , as well as the optimal 
scattering entropies for the quantum scattering of the spineless particles were obtained in Ref. [10,13]. 
For the L-quantum states, and θ - quantum states in the spinless scattering case these distributions are 
given in the Table 1a . 
Indeed, solving problem (3.5) via Lagrange multipliers we get that the singular solution 00 =λ  exists 
and is just given by the [ ](q)S(p),S ooL 11 θ -optimal entropies corresponding to the PMD-SQS-optimal state 
(3.1)-(3.4). Consequently, the solution of problem (3.5) is given by 
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( )[ ]p)(oo1LL +Lq=(p)SpS −−−≤ 121111)(   for p>0 (see Figs 4-5 and Table 1ab) (3.7) 
for scattering of spinless particle (see Table 1a) and by similar results (see Table 1b) in the case of the 
( )2/102/10 +−+− +→+ scatterings.  
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( )[ ]p)(oo1JJ +Jq=(p)SpS −−−−≤ 12 ]4/11[111)(   for p>0 (see Figs 4-5 and Table 1ab) (3.9) 
 
Table 1a: The optimal distributions, reproducing kernels, optimal entropies, 
entropic  bands for the scattering of spinless particles 
 
 
3.4. Evidences for (p,q)-nonextensivities correlation in hadron-hadron scatterings 
A natural but fundamental question was addressed in Refs. [12-14], namely, what kind of correlation (if 
it exists) is expected to be observed between the nonextensivity indices p and q corresponding to the 
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(p,L)-nonextensive statistics described by (p)SL -scattering entropy  and (q,θ )-nonextensive statistics 
described by (q)S
θ
-scattering entropy . 
Riesz-Thorin (1/2p+1/2q)-correlation for nonextensivities: If the Fourier transform defined by Eqs. 
(2)-(3) in[13] is a bounded map 2q2p: LLT → , then the nonextensivity indices (p,q) of the J -statistics 
described by the Tsallis-like entropy (p)SL  and statisticsθ −  described by the scattering entropy (q)Sθ ,  
must be correlated via the Riesz-Thorin relation  
1
2q
1
2p
1
=+  or  
12p −
p
=q  (3.10) 
while the norm estimate of this map is given by 
2p
1
2||||/||||
22
−
≤
p
fTf=M
pq LL
 
(3.11) 
Thus, results (3.10)-(3.11) can be obtained as a direct consequence of the Riesz-Thorin interpolation 
theorem extended to the vector-valued functions (see Ref. [12, 13] for a detailed proof). Next, the 
nonextensivity indices p and q are determined [12,13] from the experimental entropies by a fit with the 
optimal entropies [SJo1(p), Sθo1(q)] obtained from the principle of minimum distance in the space of 
states. In this way strong experimental evidences for the p-nonextensivities in the range 0.60.5 ≤≤ p  
with q=p/(2p−1)>3 are obtained [with high accuracy (CL>99%)] from the experimental data of pion–
nucleon and pion–nucleus scatterings (see Table 2-3 and Figs.5-6). 
 
 
 Fig 4: The experimental values of the scattering entropies (q)S
θ
 and (q)SL , for q=0.75 and 1.5  are compared  with the 
optimal state predictions (full curve) for pion-nucleus (He, C, O, and Ca) scatterings. 
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Fig. 5: Saturation of PMDSQS-optimal entropic limits )()( 1 pSpS oJJ ≤  and )()( 1 pSqS oJ θ≤  for conjugated 
nonextensivities: p=0.6 and q=p/(2p-1)=3 . The experimental values of  the )( pS J and )(qSθ  for  0pi -(He, C,O, Ca) 
scatterings are calculated by using Eqs.(3.8)-(3.9) and the pion-nucleus phase shifts from [22].  The saturations of the 
PMDSQS optimal entropic limits are evident only for nonextensivities p=0.6 and q=3  for which a Riesz-Thorin 
correlation  (1/2p+1/2q=1) is  confirmed with  high accuracy 
 
 
 
 
Fig.6: The experimental values of the quantum states entropies )( pS J and )(qS θ  for 
])()()[( 1,01,02/3,2/1 === III NKKNNpi -scatterings, obtained from the available experimental phase-shifts [20-22], are 
compared with the PMD-SQS-optimal state predictions  )(1 pS oJ   and   )(1 qS oθ  given in Table 1 (full curve). The 
saturations of the optimal limits are evident only for nonextensivities p=0.6 and q=3 for which a Riesz-Thorin correlation 
(1/2p+1/2q=1) is confirmed with  high accuracy. 
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Table 1b : The optimal distributions, reproducing kernels, optimal entropies and optimal 
entropic bands  for scattering of  spin )2/102/10( +−+− +→+  particles 
 
 
Table 2: Dn/2χ  obtained from comparisons of the experimental scattering entropies ),( pS J )(qSθ  with  
the optimal entropies ),(01 pS J ),(01 qSθ respectively for ),,( NKKNNpi -scatterings 
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Table 3:   The values of ( ) DL np /2χ  for Dnq /)(2θχ , obtained from a separate p-fit and q-fit of the 
scattering entropies )( pSL and )(qSθ  with the optimal state predictions )(1 pS oL and )(1 qS oθ for pion-
nucleus scattering  
.  
 
4. CONCLUSIONS  
In this paper new experimental evidences on the excitation of PMD-SQS-optimal resonances in pion-
nucleus scattering in the )1236(∆ -resonance region, are presented. The main results and conclusions can 
be summarized as follows: 
For completeness with the same experimental phase-shifts for the same pion-nucleus 
) Ca, , , ( ±±±± pipipipi OCHe scatterings we obtained: 
(i) The pion-nucleus total cross sections, in the energy region corresponding to ∆ -resonance in the 
elementary pion-nucleon interaction, are well described by optimal resonance predictions and obey the 
axiomatic bound )()1(4)( 222 ELE eloT σpiσ +≤ D  (see Fig. 1); 
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(ii) The total widths of optimal resonances, obtained by fit of the total cross sections in the )1236(∆  
energy region, are consistent with the optimal resonances predictions 3/1AA ∆Γ=Γpi  for 
)5120( ±=Γ∆ MeV, while the behavior of the maximum values of the total cross sections are given by 
3/2max )105.128()( AAT ±=±piσ  mb (see Fig.2).   
(iv) The optimal resonance parameters 0γ  and 1γ , obtained by fit, are given in Fig.3 as follows: 
;503.0)( 3
1
0 AA =
+piγ    ;066.0)( 3
2
1 AA =
+piγ  and ;448.0)( 3
1
0 AA =
−piγ   ;067.0)( 3
2
1 AA =
−piγ    .      
 (iv) The experimental values of the nonextensive scattering entropies )( pSL  and )(qSθ for the pion-
nucleus ) Ca, , , ( 0000 pipipipi OCHe  scatterings, in the energy region corresponding to )1236(∆  
resonance in the elementary pion-nucleon interaction, are well described by the optimal resonance 
predictions )(01 pSL  and )(01 qSθ  when the nonextensivities indices are correlated by the Riesz-Thorin 
relation: 1/2p+1/2q=1 (see Figs. 4-6 and Table 2-3).  
                                  
Finally, we note that, a detailed quantitative analysis of the experimental data on the angular 
distributions is also necessary since the general diffractive behavior is also experimentally verified with 
high accuracy especially for the number of maxima and minima as function of optimal angular 
momenta. 
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